We present a method of constructing the volume meshes of the membrane-channel protein system for finite element simulation of ion channels. The membrane channel system consists of the solvent region and the membrane-protein region. Our method focuses on labeling the tetrahedra in the solvent and membrane-protein regions and collecting the interface triangles between different regions. It contains two stages. Firstly, a volume mesh conforming the surface of the channel protein is generated by the surface and volume mesh generation tools: TMSmesh and TetGen. Then a walk-and-detect algorithm is used to identify the pore region to embed the membrane correctly. This method is shown to be robust because of its independence of the pore structure of the ion channels. In addition, we can also get the information of whether the ion channel is open or closed by the walk-and-detect algorithm. An on-line meshing procedure will be available at our website www.continuummodel.org.
Introduction
Ion channels are pore-forming membrane proteins whose function is to control the diffusion of ions across biological membranes. Membranes are electrical insulators and build a hydrophobic and low dielectric barrier to hydrophilic and charged molecules. Ion channels build a high conducting, hydrophilic pathway across the hydrophobic interior of the membrane for ions. Therefore, the membrane plays an important role in ion conductance simulations of an ion channel.
Various theoretical and computational approaches have been developed to help understand the biological mechanism of ion channels. Molecular dynamics simulations [1] [2] [3] , Brownian dynamics simulations [4] [5] [6] [7] and continuum modeling [8] [9] [10] [11] are the most commonly used techniques in the field. A widely used continuum model for simulating ionic transport is based on the Poisson-Nernst-Planck (PNP) equation [9, 12] . A number of numerical algorithms including finite difference [13, 14] , finite element [15] [16] [17] [18] [19] , spectral element [20] , and finite volume methods [21] have been utilized in the past two decades to solve the PNP equation. The finite element method has the advantage of handing complex geometries and curved boundaries. However, due to the complexity of ion channel structures, it is not a trivial task to build a high-quality sur-face and volume mesh for the simulation. In this paper, we present a method to generate qualified surface and tetrahedra meshes for the finite element simulation.
Figure 1:
2D schematic picture for the cross section of an ion channel system. The solvent region is labeled by 1, the channel protein is labeled by 2 and the membrane is labeled by 3. The solvent part between the white dotted lines is the pore region. Figure 1 shows a cross-section of the membrane channel system. The system consists of the channel protein, the membrane and the solvent region. The channel protein region and the membrane region constitute the solute region, also called the membrane-protein region. The membrane-protein is located in a solvent box. The box is separated into two parts. The up and down parts are connected by the open channel pore. The part of the solvent region between the two white dotted lines is the pore region. The yellow curve in Figure 1 shows the interface of the solute region and the solvent region (the surface of the membrane-protein region). During the process of the finite element simulation of the continuum modeling of the ion channel, usually different boundary conditions need to be enforced on different parts of the boundaries/interfaces. Therefore, the triangular mesh on the interface should be collected and marked.
We have developed a method to generate high-quality surface and volume meshes for the membrane channel system [18, 19] . The method essentially has four components: surface meshing, quality improvement, volume mesh generation and membrane mesh construction. The triangulated molecular surface can be generated by some surface mesh generator, such as TMSmesh [22, 23] , MSMS [24] , NanoShaper [25] , Molsurf [26, 27] , GAMer [28] , EDTsurf [29] and so on. These softwares generate triangulated mesh based on different definitions of the molecular surface, including van der Waals surface, the solvent accessible surface [30] , the solvent excluded surface [31] , Gaussian surface [32] and the molecular skin surface [33] . If necessary, the surface mesh quality can be improved by such as ISO2mesh and TransforMesh [34] . Once a surface mesh is generated, the tetrahedral volume mesh of the system, which consists of the molecule and the solvent box can be generated by the program TetGen [35] . The membrane mesh in our former approach was obtained by three steps. In the first step, two planes z = z 1 and z = z 2 are used to mark the range of the membrane region, and the tetrahedra with all the vertices located between the two planes are marked as belonging to the membrane region. In the second step, tetrahedra which intersect with the two planes are first marked as the 'interface tetrahedra' between the membrane region and the solvent region, then the faces of these 'interface tetrahedra' are picked up and connected to form the membrane boundary. Finally, a careful topology check is performed on the membrane boundary to ensure its continuity, closeness, etc.
The key point in the process of membrane construction is marking the tetrahedra belonging to the membrane region correctly and getting the triangles on the surface of the membrane-protein region. The difficulty lies in distinguishing the tetrahedra in the membrane region from those in the pore region, since they all locate in the range between z = z 1 and z = z 2 and these two regions may be connected by some reasonable holes or unreasonable crevices through the channel protein. In our former work [18, 19] , we use one or more spheres or cylinders to separate the membrane and pore regions. However, we need to locate the spheres or cylinders manually depending on the structure of a given ion channel. It is impossible to find a universal sphere suitable for different ion channels. A reasonable method is to detect the inner surface of the pore to distinguish the membrane region and pore region. There have been some methods to detect the surface of the pore of an ion channel for visualization based on the information of the atoms. HOLE [36] is a commonly used program to detect the inner surface of the pore. However, most of these methods are based on the molecular structure instead of a mesh, and provide no mesh information, which is not appropriate in our FE simulations. In this paper we propose an algorithm to detect the inner triangulated surface of the pore to separate the membrane region and the pore region in tetrahedral mesh. Based on the algorithm, we develop a new method to add a membrane for ion channel simulation. In the next section, the method will be described in detail. Two example ion channel systems, gramicidin A and connexin 26 will be shown in the Results section.
Method
Before identifying the membrane region, we rotate the protein coordinate system to make the orientation of the channel pore parallel to the z-axis first. This function has been embedded into our visualization tool, VCMM [37] . The corresponding algorithm is described in the following first subsection.
Two planes z = z 1 and z = z 2 are considered as the lower and upper bounds of the membrane respectively. The membrane construction contains three steps.
-First, the tetrahedra in the pore region and between the two planes are labeled as immutable.
-Second, the tetrahedra with all the vertices located between the two planes z = z 1 and z = z 2 are marked as the membrane region except the tetrahedra in the protein region and the ones labeled in the first step. -Third, the surface triangles of the membrane-protein region are collected and marked.
During the process of membrane construction, locating the tetrahedron containing a specified point is a frequently used procedure. Therefore, we first describe the algorithm of finding the tetrahedron containing a specified point. We then detail the method of membrane construction step by step. To facilitate the usage of this method for membrane-protein system construction, we are making these complicate meshing steps available online at www.continuummodel.org.
Rotate the Channel Pore Parallel to the Z-Axis
The key point in rotating the channel pore to the z-axis is to get the direction of the pore. The following algorithm shows how to compute the direction and rotate the orientation of the channel pore to the z-axis. The algorithm is suitable for the channel protein which is symmetric around the direction of the channel pore.
Firstly, we compute the covariance matrix based on the coordinates of all the atoms of the channel protein. The covariance matrix is shown in Eq. (1).
where M is a 3 × 3 matrix, X is a 3 × N matrix and N is the number of atoms. The ith column of X represents the x, y, z coordinates of the ith atom. E(X) is the expectation of X. Then the eigenvalues and eigenvectors of M are calculated. Due to the symmetry, M has two similar eigenvalues. The plane spanned by the two eigenvectors corresponding to the two similar eigenvalues is perpendicular to the direction of the channel pore. The remaining eigenvector represents the direction of the channel pore. Finally, a rigid-body rotation is performed on the molecule to align the direction of the channel pore to z-axis.
Determining the Tetrahedron Containing a Given Query Point
There exist different strategies to find the path from the tetrahedron containing the query point p to the tetrahedron containing a source point q, such as straight walk, orthogonal walk, visibility walk, stochastic walk and so on. All these methods have been described detailedly in [38] . The straight walk consists in traversing all the tetrahedra that are intersected by the line segment qp. As we need the tetrahedra along qp, we choose the straight walk to locate the query point.
The basic predicate in the straight walk is the orientation predicate, which is defined in Eq. (2) .
where α, β, , δ are four points. Orientation(α, β, , δ) determines which side δ lies on or whether δ lies in the plane which the triangle αβ belongs to. The straight walk algorithm contains two steps. First, we find the facet e which qp across through the tetrahedron that q belongs to. Second, we traverse all the tetrahedra that intersect with qp. By testing which side the intersection facet e lies p using orientation test, we determine whether a tetrahedron contains p. We use the algorithm given in [38] and make a few changes in the first step. The source point q which we choose is in the tetrahedron instead of being a vertex of the tetrahedron.
More precisely, the algorithm first performs initialization as follows. Given a source point q and the tetrahedron t where q ∈ t, for each face e in t, we calculate the intersection between qp and e. If there is no intersection between qp and the four facets of tetrahedron t, it indicates that p is also in t. If qp intersects e, then qp goes out t through the face e. [38] .
After the initialization, we start the main steps of the straight walk. At a given step of straight walk, we know that the ray qp goes out of a tetrahedron t by a face e (see Figure 2) . By testing on which side of e lies p, we decide whether t contains p. If t contains p, the walk reaches the end. Otherwise, the walk continues in the neighbor of t through e, and qp goes out of that neighbor by a face e ′ . e ′ is determined by two orientation tests involving q, p, the new vertex s and a vertex of e. Algorithm 1 gives a pseudo-code for a detailed description of the straight walk method [38] .
Label the Tetrahedra in the Pore Region
The strategy to label the tetrahedra in the pore region and between the two planes z = z 1 and z = z 2 is walk-and-detect, which is shown in algorithm 2. Before starting the algorithm 2, suppose we already have the volume mesh of the system of an ion-channel protein in a solvent box, and the tetrahedra in solvent region Figure 1 . In the first step, the boundaries in x, y, z direction of the ion channel are calculated, denoted by x min , xmax, y min , ymax, z min and zmax. These boundaries are useful in the case that the pore region has crevices connected the membrane region.
Algorithm 2:
Label the tetrahedra in the pore region through a walk-and-detect procedure.
Input The walk-and-detect method begins from an initial point p 0 located in the pore region. The tetrahedron where p 0 is located is found by the straight walking method described in section 2.2. The source point for locating p 0 is obtained by the following two stages. First, we construct a small box whose boundary is [p 0 .x − 2h, p 0 .x + 2h] × [p 0 .y − 2h, p 0 .y + 2h] × [p 0 .z − 2h, p 0 .z + 2h], where h is the walk step size. Here p 0 .x, p 0 .y and p 0 .z denote the x, y and z coordinate of p 0 , respectively. Second, we find a tetrahedron who has a vertex in the box and then we choose the inner point of the tetrahedron as the source point. The list L in step 2 contains the test points and the tetrahedra containing the test points.
Step 3, 4, 5 and 6 show the process of walk-and-detect. We take a point p in L as example. We walk along six directions of coordinate axes from p with step size h. In each direction, a new test point is obtained and denoted by q i . Each q i should be judged whether it has been visited, which means that q i has been a detection point and the tetrahedra crossed by the line segment pq i has been labeled. If q i has been visited, there is no need for p to walk to q i . Otherwise, the straight walk is used to locate the tetrahedron tq i which contains q i and to get the tetrahedra list, tpq i , along the line segment pq i . If tq i is in the solvent region and q i satisfies the condition in step 5 (see q 1 , q 3 , q 4 in Figure 3 ), then q i should be append to the list of test points. Meanwhile, the tetrahedra in tpq i are labeled as immutable. Otherwise, if tq i locates in the protein region (see q 2 in Figure  3) , it demonstrates that the test point q i touches the inner surface of the pore. The face in tq i which connect the protein region and solvent region is a piece of the inner pore surface. In this situation, we mark the tetrahedra in tpq i as immutable except tq i . After detecting the six new points along the six directions, p should be marked to show that it has been visited.
Step 3 to step 6 are repeated until the list of test points is empty.
If the step size h is improper, some tetrahedra in the pore region may be missed. The following process is necessary to make sure that all of the tetrahedra in the pore region between z = z 1 and z = z 2 are marked as immutable. We scan all the tetrahedra in the region [x min , xmax] × [y min , ymax] × [z 1 , z 2 ], and if a tetrahedron satisfies both of the following two conditions, the tetrahedron should be labeled as immutable.
1. The tetrahedron is in the solvent region and has not been labeled. 2. One of the neighboring tetrahedra has been labeled as immutable.
Besides labeling the immutable tetrahedra, this method can also be used to judge whether the ion channel is open or close. We replace [z 1 , z 2 ] in step 5 by [z min , zmax]. If there are two test points that touch z = z min and z = zmax respectively, then the ion channel is open. Otherwise, the ion channel is close.
Mark the Membrane Region and Collect Surface Triangles of Membrane-Protein Region
The tetrahedra with all the vertices located between the two planes z = z 1 and z = z 2 are marked as the membrane region except the ones in the protein region and the ones labeled as immutable.
Algorithm 3:
Collect surface triangles of membrane-protein region. for element t in mesh do if t.mark = solute then for the ith face, f i in t do s = neighbor(t through f i ) if s.mark = solvent then f i is on the membrane-protein surface end if end for end if end for
The strategy to collect the triangular surface mesh of the membrane-protein region is shown in algorithm 3. If a triangle whose two adjacent tetrahedra are in the solvent region and solute region respectively, then it is picked up as one of the membrane-protein surface triangles.
Results
In this section, we present the numerical results for two ion channels including gramicidin A (gA) and connexin 26 (Cx26). Gramicidin A (PDB code: 1MAG) is one of the most widely studied ion channels. It forms aqueous pores in lipid bilayers that selectively pass monovalent cations [39, 40] . Gramicidin A is a small 15-amino-acid β helical peptide with a narrow pore. The partial charges and atomic radii for each atom in the protein are the same as we used in our previous simulation [18] . The pore region of gA is along the z direction. The whole domain of the gA channel consists of the membrane-protein region and the solvent region. The triangular surface mesh for gA is generated by TMSmesh and the tetrahedral mesh is generated by TetGen. Figure 4a shows the wire-frame of the volume mesh. The tetrahedra between the two surfaces of the slab except the ones in pore region forms the membrane-protein region, which is shown in figure 4b . Figure 4c shows the upper boundary surface of the membrane-protein region. To make the slab smoother, we add some additional points on the two planes z = z 1 and z = z 2 when generating tetrahedral meshes. The slab is almost flat except the part near the ion channel and the part close to the outer box. If the points we add on the two planes are close to the ion channel or the box, it will be hard for TetGen to generate the tetrahedral mesh. Therefore, we do not add points in the region close to the ion channel and the region near the outer box. In our experience, a small bumpiness of the membrane has no influence to the simulation.
Another example is Cx26, which is a member of the connexin family. It forms a typical four-helix bundle in which any pair of adjacent helices is antiparallel. The pore has an inner diameter of 35Å at the cytoplasmic entrance, and the smallest diameter of the pore is 14Å. The initial coordinates for Cx26 hemichannel are obtained from the PDB (code GJB2) [41] . The partial charges and atomic radii are obtained by PDB2PQR software [42] . The surface mesh is also generated by TMSmesh and the tetrahedral mesh is generated by TetGen. Figure 5 describes the volume mesh especially the membrane-protein region of Cx26. Our method correctly identifies the membrane-protein surface which validates the effectiveness of the method.
The quality of the volume mesh generated by our method is analyzed. Two criteria to measure the mesh quality have been considered, including dihedral angle and radius ratio [43] . The dihedral angle θ between two faces A and B in a tetrahedron is defined as follows:
where n A and n B are homodromous normal vectors of the two faces. The dihedral angles of a regular tetrahedron are around 70 ∘ . The radius ratio, denoted by ρ, is defined to be the ratio of the inscribed sphere radius over the circumscribed sphere radius, scaled by 3. 0 < ρ ≤ 1 holds for any tetrahedron and ρ = 1 if and only if the tetrahedron is regular. Figure 6 shows the quality of the volume meshes generated by our method. The dihedral angles are clustered around 40 ∘ to 140 ∘ and the radius ratio are clustered around 0.75, which
shows that most tetrahedra in the meshes have good quality. The quality of the surface mesh generated by TMSmesh has been analyzed detailedly in Refs. [22, 23, 44] . The quality of the triangular mesh generated by TMSmesh is comparable to that generated by the commonly used software, MSMS. However, the meshes generated by both software still contain some triangles with tiny angles or short edges. It is worth noting that most of the poor quality tetrahedra of the volume mesh are caused by the irregular surface and surface mesh with aforementioned poor quality triangles. Despite the existence of a small portion of poor quality elements, those meshes generated by our method are applicable to numerical simulation as shown in our previous finite element/boundary element modeling of biomolecules [18, 19, 22] .
Conclusion
We have presented a new method to embed a slab membrane in a tetrahedra mesh of ion channels. Firstly, we walked through the pore region and labeled the tetrahedra in the pore region as immutable. The inner surface of the pore region can also be detected during the walking process. By the walk-and-detect algorithm, we can also decide whether the ion channel is open or close. Then we marked the tetrahedra between the two planes z = z 1 and z = z 2 as the membrane region, except the ones in the solute region and the ones labeled in the first step. Finally, the triangles were picked up to form the surface of the membrane-protein region. The method is applied to two ion channels, gA and Cx26. The membranes embedded are reasonable and almost flat and the pore regions are correctly located. In addition, the new method is more general since it is robust and independent to the structure of the ion channel. A convenient on-line version for the meshing approach will be available at www.continuummodel.org. 
